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"%xw3 v�5%_q` �0 _% x zFp�zR%v Q(

 
r
) CF- �0Sou� �),vw3 �@TJ3 `

Q(
�
r

) = a � (
�
r

) + an−  ( �r ) + an =
a �

rn
+

a  
rn−  + · · · + an−  

r
+ an

=
�

rn
(a � + a  r + · · · + an−  rn−  + anrn) =

�
rn

P (r) =
�

rn
× � = �

0	),E�z Q(x) �!�.x 5  
r
% x z R%vw3 �0vcV �

00CFx�P0_FgiW@^:PF3 $&d0E�z�u�m S zF�!9:3; +. U3 v!X V0I R% JM R%I:^:PF3 E �!9:3; +. 1% d ��3 ED),2�3 -0465.N�z#3  " ),$&-0$&`U5KP
a
�
+ b
�
+ c
�
+ d

�
= ab + bc + cd + da R eBz d M c " b " a u $ - $ ` P " 2 7 R 4qp�zR vJ" - � S�) vw3 � ����� ���� � �

0 a = b = c = d ^ 3 eoHi~
CFx R%-0eou� JR�`.W[5KP z5 R%x N,�!vw3 �. ��!9:3; +. JM*P " �!9:3; +. 1% x zF>@`8p�zR%v����U

a = b = � ^ 3 eoHi~ " a � + b
�

= ab R%eBzF"%- �0S�),vw3 � � A �@���� ���
a = b ^ 3 eoHi~ " a � + b

�
= ab + ba R%eBzF"%- �0SU),vw3 ���B �@���� ���

J0Nx7 " � vw3 �  ��; 9:3; +  �k�3 � d W zFp�zR v&00" A�3 v�" - $  �3  Up�zR vJ" W z _ d vJ� S�P 5�z " WUZ x�P � W.) 4�3 V A 7 � 9:3
;
+  U3 v A � 9:3

;
+  

" � Ww3 d � V Ai_ � 00P0_ A u  &5 L*_  z5 B � 9:3
;
+  " 5B3 S�% x zU00C - � S�� L*_ I 7 � 9:3; +  &3�i g L1p�z � � R /b) - 4�3  i� vQ) E�z

P0_FA u� �>@` R%x N >@?BA �!vFM,u�Ww3 E*~K�!v B �!9:3
;
+. 

a
�
+ b
�

= ab + ba

a
�
+ b
�

= � ab

(a − b)
�

= �
a = b

" % x z�N�z}M,) ��3 � A ) E�z�> `]^!z58% x zFp�z5%M 5KP � S�p�z ^:" x z�H@z _ I:u  " > `]^!z58% x z � v�) V + WE3�R - Q vE5 + SU3 vJH%_ � SBz� P�R%S ^:PF3 $&d0E�z�R%x N >@?BA �!v@�!9:3; +. �>@`8p�zR%v
a
�
+ b
�
+ c
�
+ d

�
= ab + bc + cd + da

),A�z P]CF-04Jz _ � " CFx R%V0v.r]R�k-Z�x:�!v z5,3�i.giL1�; gi4lMOCF- �0SUk�R�# ' 5KP z5 ,._F2 � ; n.v z5Or]R�k M*PKR%eBz
(a − b)

�
+ (b − c)

�
+ (c − d)

�
+ (d − a)

�
= �

' G

http://www.epmath.99k.org



�	� � � � 	 � � � � � � �  � ����
�� ���� � �

� P0_FA u� ��@O]-0d0WJ�!n.v z5:% x z0N�zF�!S
a = b = c = d

� ? m v " ) + - WQ) 2�3 - 4654Z x@3 � � I " u m SU) 2�3 - 465&% x zF� S�" � 4�P�u  HJ3 � W " ,._ 2 > xw3 +  � S�C x _ A u  BR Sis d  3P d xw3 � W
0	),E�z%3 4Q),2�3 -0465@N�z%p�z �@2F_Fg.O] 

��� �E^  � 0  ' � � �� " � � � �  $'((^ � )
��z���>���#��rB P Z f xC�IZ�:/ OCP . 6�7 + ��7	��
�vZ ]:/[Z +�� . = 2��U��i��7 �{= �*Z + &<��8

� m g L�N�zizR x N-0	) E�zF^:PF3 $ d E�z�> vw3 /�u # 3 x 5O> xw3 +  > `1p�zR vJ� SU) E�z�u xw3 4�a M#5.N�zFu ? x�"  6~w5B3 S PF3 g W�k�3 � d W z
" xw3 v@z " d v z " 5B3 S.% x z p�zR v10	) E�zB% x�PF3 g WQpq3 4E3�5B3 V 2@� vQ3 4QHi~ � g L R I " u # 3 x 5 pq3 4Q� 9:3; +  �> ` 5KP � - 9 MQz�pq3 4;J#3 e
H@z _ I:u  " � 9:3; +  �5KP�P0_ L*_  �pq3 4*/ 3 V I 5�z � � S 3 v � x 5K" I:� v&00" W _ A�p�5�z s y  o3 W M u xw3 E�3 � ADp," - m S C - 4�3 $  � g 4
00CF-04�P�u� 1��-9#�_FI�R%d0�.-0v.z5,),2�3 -0465:% x z N�z%^:PF3 $&d0E�z�u�yBW _FyB/1TJ3 g0 "��0/83 v!Z �0x z!00P�R%SUrcs%` z5 "%x z N,pq3 4�PF3 giW

CF- �0Sou� �cx R%h6I.u�d0�.e�NB3 vU3�5%_ S �!vFM − � < a � < � "%- �0S�� R%2 � �:�@���� ���

an =

( � + an−  
�

)

��

.

(K"%4�P�u� �p�M#5O�!/ An p�zR%v " "��0Sou� �>@-0 �),xw3 � �0-0v:�!v n u�d9/ M-0An = � n( � − an) "%- �0S�� R%2
^; " - l - ��pq3 4E3�5B3 V 2@� v " C - � S�HJ3 - v a � 5 + ` R v@z5 an 3

P
g - $ d +  lPF3 x NOa i I.3 vJC - 4Jz _ � v�� SUu I 5%_ S 5KP ��� 

3�5%_ S � v@3 4QHi~ HQP�R SU� S i �bp�zR v@u 4Jz5 � SUC - EF5*u  �_ I 5KP0_ I@pq3 4QTJ3 ? x�P%z5@N�z%p�z � 9:3 V W�P " � Ww3  " p�z ^:" � � Si" -  z 3 W
� S θ � x MQzN C - � Sou  � ` `�i  � SU) E�z0NB3 - WQP 5%_  �p,P�R 2[� v�R Q \ �  �a M#5 3 O � x z 5KP�00P 5�z " W�P0_ L*M 5%_ L,MCT g L

CFx 5�z P Hi~Op�zN�z �!vJ�!S a � = cos θ �!SUp�5%_qk��!v@P 5�z P]P0_FL*M�� < θ < π

a  = (
� + cos θ

� )
��

= cos
θ

�
a � = (

� + cos θ

� )
�

= cos
θ

� , · · · , an = cos
θ

� n

An = � n( � − cos(
θ

� n
)) =

� n( � − cos( θ� n )( � + cos( θ� n ))

� + cos( θ� n )

=
� n sin( θ� n )

� + cos( θ� n )
= (

θ
�

� + cos( θ� n )
)(

sin( θ� n )
θ� n )

�

CF- �0Sou� p�5%MF~ PF3 x_00"%x zR%eou� � ),giE �!v sin( θ�
n )

( θ�
n )

M ^:P�R%SU>@-0 θ

�

� ),giE �!v θ

�

 +cos( θ�
n )
3�5B3 V92 n HQ"%A � 5 �ivJ3 v

00"%x zR%eou� θ

�

� �!v An
" "��0Sou� �>@-0 �),xw3 � �0-0v:�!v n u�d9/ M " % x z R%vw3 �0v_0 sin x

x
−→ � ^ 3 eoHi~ x −→ �,u�d9/ M,�!S

�!SU"%-0vw3 -0v@z5 x, y, z u�$&-0$&`bP%z "�2 zbJ#3 giI a, b, c ∈ R+ R%eBz � �R�@���� ���
x + y + z = a + b + c

< �

http://www.epmath.99k.org



�	� � � � 	 � � � � � � �  � ����
�� ���� � �

� xyz − (a
�
x + b

�
y + c

�
z) = abc

CFx 5�z P ���U
� =

a
�

zy
+

b
�

zx
+

c
�

xy
+

abc

xyz � CF-04�P 5�zR�/oR%eBz%�!S
a√
zy

= x  , b√
xz

= y  , c√
xy

= z  
� ),A�z P]CF-04Jz _ �

x
�  + y

�  + z
�  + x  y  z  = �

� P%z P 5�zR�/ H@z _FI:u� ��@O]-0d0W[5KP � < z  < � , � < y  < � , � < x  < � � CFx 5�z Ph% - �9l]gi4
x  = � sin(M) y  = � sin(V )

CFx 5�z PhV � � < V < π� , � < M < π� �!SUp�5%_qk��!v
� sin

�
(M) + � sin

�
(V ) + z

�  + � (sin(M) × sin(V ))z  = �
=⇒ [z  + � sin(M) · sin(V )]

�
= � ( � − sin

�
(M))( � − sin

�
(V ))

=⇒ z  + � sin(M) · sin(V ) = | � cos(M) · cos(V )|

�@O]-0d0W[5KP " "��0d0+.4,),V9g0 cosV, cosM, sinV, sin M, Z  �!S&% x z �!vJ�!L*_FI.3 v
z  + � sin(M) sin(V ) = � cos(M) · cos(V ) =⇒ z  = � (cos(M) cos(V ) − sin(V ) sin(M))

= � cos(M + V )CFx 5�z P 3 4&R%-�.6d0 HQ"%-0W z P�R%e�R%v.3 vJ�@O]-0d0W[5KP
a = � sin(M)

√
yz

b = � sin(V )
√

xz

c = � cos(M + V )
√

xz

� V � x + y + z = a + b + c 3  z
[
√

x cos(V ) −√
y cos(M)]

�
+ [

√
x sin(V ) +

√
y sin(M) −

√
z]
�

= �

√
z =

√
x sin(V ) +

√
y sin(M) =

√
x × y  

� +
√

y × x  
�

< �

http://www.epmath.99k.org



�	� � � � 	 � � � � � � �  � ����
�� ���� � �

� CFx 5�z P �@O]-0d0W[5KP
√

z =
√

x · b

� √zx
+
√

y · a

� √yz
=⇒ z =

a + b

�
CFx 5�z P P0_FL*_F �H%5B3 $&I:�!v@�!L*_FI@3 v�M �!vw3 �. �ZJx R�k��!vFM

x =
b + c

� , y =
c + a

�
00"%A�3 v:u� ��!9:3; +. �kcz_FL83 � �0I ( b+c� , c+a� , a+b� ) �!SU),E�zq��# z M�M

P0_ �U5B3 SUklM#5*r]R v!% - A�3  hZ x100P�R SUHQ" x 5B3 v:� vE^�MiR A�) vw3 ��) 2 R E 3 vJu � - y � Eqr]R v!� V S N%M#5�Z x�� �f� ���� � �
00P0_ vJ� d 2 5 { - �[R d  :_ m - Sl<f� V S ��� ) 2.3 E�5KPQM R d  :_ m - S ' " � V S G ) 2.3 E�5KP�M NB3 � ~:� V S t ) 2.3 E 5KP z5
� / N�z%r]R v@� S�" - � S_% - - h I " " � S&L|3 �.z5,r]R v N�z%u d vw3 �QC O `1) 2.3 E R 4�5KP klM#5*r]R v!% - A�3  � SUHi~ � R 2[� v

0	),E�zF^:P�R%S HQ"%x 5B3 v:�!vU^�MiR%A u�d92.3 E
3 v&00" A�3 vJu 2�3 S�T@z _ E � v�� E�3 ��p�zR v@� 9:3; +  _% x z�5KP P0_ L*_  13�3 2ci klzF� S�P�R S�5%_ Q IJH@z _ I:u  �u d � E � v=��� 
00P�R SUu xw3 E�3 � A z5O� d ��3 � A�3 W�pq3 4Q) - g S " 5�z M'J#3 ` W�u AiM#5*� v�" xw3 vJ) + � WQ" A�3 vJ� d A�z PlP0_ L*M,u 4Jz5.R eBzq% x zFP0_ L*M
NB3 � ~ HJ3  }N T MOP 5Ks%eou� �r]R%vJa�5B3 v!�̂MiR%A N�zF�!S "%A�3 vJu�Ww3  }N,3 "% t "%- �0S�� R%2,00CF- �0Sou� u�2 R%h6 z5 R%x NOPF3 giW
t HJ3  }N,3 I@klMiR 2 R vJ� S�" A�3 vJu d 2�3 +  x(t) " - � S � R 2C0}Y&P0_ A u  �� V E�3 \  t = ��N�z#� SFf " A�3 vJklMiR 2 R v[5B3 So� v
r]R v@Z g 2 ^:" � 4�PlHJ3 � W h(t) " - � S � R 2 ^ R ��7�3 v@Y[) E�z�R ` W�P 5%_  t ≥ T p�zN�z � v@3 � � I x(t) f ) E�zF^:P�R S u k
3 vJr]R v.� S�5 m n  _% x zU00C - � S � g L R I;% x�PF3 g W�pq3 4E3�5B3 V 2@� v�z5 � 9:3; +  � S�C x z ^:PF3  6~ H%_ � SBz!00" A�3 v t HJ3  }N.5KP
dh
dt

= c Y[) vw3 � c f u � h xQ" vw3 x:u  { x z� 2 z ) vw3 �Ju d 2 R E�3 vJHi~ Z g 2 � SU) E�z�Hi~Ou � h  i� vBP 5B3 v:u  �u d vw3 �Q) 2 R E
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h(t) = c · t u �0h6x d = �,CFx R%-0eou� U�@O]-0d0W " h( � ) = � H%_F/OM Y&"%W z ),vw3 � d, c f
) 2 R E t � ` \ 9&R 4�5KP � S ) E�zFHi~,u � h  i� v�" � Sou  1L|3 �.u d vw3 �J) 2 R E 3 v z5,r]R v.klMiR 2 R vJ� S ) $ - $ `-% x z
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Q
WJ)�2 R%E ZJg.2 HQ"%A R%v z R%v ' 3 vEi P g0 �f�P 5�z P=V|?N2 ),V0+.W@r]R%v@ZJg.2 3 v@klMiR%2 R%v

CFx 5�z P t ≥ T p�zN�z �!v
dx

dt
=

k

h(t)
( ),vw3 � k) =⇒ k

ct
=

k

t
( ),E�zF),vw3 � k =

k

c
)

P0_FA u� U�@O]-0d0W�r]R�k M*PKN�z%p R%-0e T@zR%yBd0W zF3 v
x(t) = k log t + c( ),E�z%),vw3 � c)

t = T + � x =
!
u d / M�M x = � t = T + � u d / M " x = � " t = T u d / M � C x 5�z P*5B3 - d � z 5KP /@R A � E
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T =
√

� −  � ≈ � / 
 � � )�2.3 E ≈ �!-0Ww3 � = M,�!$&-9/&P�<.j

0	),E�z%^:P�R%S HQ"%x 5B3 v:�!vU^�MiR%A � , ��� ′, ��� ′′ )�2.3 E 5KP r]R%v " % x z R%vw3 �0v

�  � 2#"�" � � & 	 �# �)" � � �  (,� 
   � 
 � � � � � �  $'((^ ��

Z g SU� 9:3
;
+  �> `]� v " " � S�R - - . I[R y x�P u xw3 � d W z 5�z " $  i� v�u xw3 � d W z�5�z " $  1Z x N�z%� 9:3

;
+  pq3 4&R d  z5B3 ��C x 5�z s y v R eBz

00P�R%SU"%4Jz _ �
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00"%- �0S�>@`8u�h6-0V9k P%z "�2 zF� ; 2F_Fg.O] �5KP z5 R%x N,�!9}PF3 h6 � �:�@���� ���

x + y + z = xyz
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CFx 5�z PhV �!
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x(x

� − ! ) + (a + b)(x
� − � ) + (ab)x = � Y ' f
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S
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� R%2 TJ3 ` 0 p �!v p � 3 I�"%A�3 v�R%d0?Bx�P �iW p �!v p � �!S CFx z ^:P�R%S p�5�z s%eo^ 5B3 giADp�5%_qk1z5�/ 3 $&W�"%- �0S � R%2,00CF-0 o3 W:u� 
5KP M, P k�3 � d W zF3 vc% x z%� S d(P/N) < d(P, M) � SU" - � S � L*_ I�M," A�3 v p � , p N�z%^:" W 5Ks e&X � N � S�" - � S
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(
√ � k − k) ×

√ � = � k −
√ � k ∈ N

u�2 R�k�N�z√ � < � −→
√ � − � < � −→ √ � k − k < k

5KP k HQP0_Fv R%d0?B/*_FSU3 vU5,m	n. _% x zc0 (√ � k − k)
√ � ∈ N �!S�CF-0d02�3 x k N�z R%d0?B/*_FS √ � k − k u�h6-0V9k�P "�2�V �

0	),E�z�5�zR�/ R%vJCF?B`1�@O]-0d0W&5KP�M,),+.-0W@),EF5KP 3  �� R%2�% x z R%vw3 �0v_0	),E�z � /�3 �0I

	 " � $ �  
 � �  $'((^ � �

N�z�V �.� 3 E�z�% x z	R v#MqC x R x�s � v�z5 � 9:3; +  UC ? ` � S ) E�ziHi~ pq3 � h  i� v@� 9:3
;
+  4Z x�5KP u d � e�NB3 v.a M#5
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00CFx M#5*u� 
5KP]a M#58% x z N�zFHJ3 d0E�3 v�HJ3 -0Ww3 W _FxJ3P S _ Q �  �MOCFx�"�/oN�zF�!S�),E�zF�!9:3; +. >@`8pq3 4�a M#5:% x R%I:u�gix�"�/oN�z�a M#58% x z
00" � d � eou  BNB3 vU5 $ 2@� v�M ) E�zF^:" A�PF3 O x zvi P V /�u A � SU" W�P�R Sou  �� R 2]3 4QHi~-00" W z ^:P�R Sou  ^:PF3 $ d E�z�> xw3 +  
% x z%3P S _ Q �  00" � ? WJz " - �Q� ��3 A PF3 x N�5 $ 2 > ` z R  B5KP � 9:3; +  � S�" � Sou  > g 2 kl_ �1u I 5%_ S 5KP � 9:3

;
+  �% x z

) 2�3 - 465@N�z%^:PF3 $ d E�zc00" � A�3 v&R x�s �:) � e�NB3 vJu y g 4," xw3 vJ^:" A�T'7 " d E�zBX v z M#5O� S�P%z PK5�zR / R ` W�"  " xw3 v.z5,� d ? W
� 9}PF3 h  �pq3 4Q� � x 5,% d 2�3 xJp�zR vci P g  �0	) E�z%T%_ g h  Uu Ww3 d E%R - v�Ph3�3 g m g  �M�R V L1> xw3 +  U> `O5KP u d � e�NB3 v� CF- �0Sou� T'7 "%d0E�z�R%x N >@?BA �!v � x + � =

�
5 x R # R v.� 9}PF3 h  �r]R k M*P�C - + $ I�M,� 9}PF3 h  Ur]R k M*PKN�z = % d E�3 S 3 v " " � S ,]"

S 7�3 v@� 9}PF3 h  �5KP x " - � S � R 2
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� ��� � �  � � ��
�� ���� � �

0	),E�zb% ?Bgi �kcz_FL83 � �0Ic% x z	M,"��0Sou� ,]"
S
� x + � =

� �!9}PF3 h6 Q5KP 3
P
hj/ z M '

"%-04�P]HJ3 �.WJ"��0A�3 v!],m�g0 &Z�x@pq3 4ET�m�#�T%_qk c M b M a R%eBz � ���@���� ���!
(ab + bc + ca) ≤ (a + b + c)

� ≤ � (ab + bc + ca).

CFx R%-0eou� �R�`.W�5KP z5 �,/8r]R�k p R%v z R%vw3 W_���U
!
(ab + bc + ac) ≤ (a + b + c)

�!
ab +

!
bc +

!
ac ≤ a

�
+ b
�
+ c
�
+ � (ab + bc + ac)

ab + bc + ac ≤ a
�
+ b
�
+ c
�

=⇒ a
�
+ b
�
+ c
� − ab − ac − bc ≥ �

� a � + � b � + � c � − � ab − � ac − � bc ≥ �
(a + b

� − � ab) + (b
� − � bc + c

�
) + (c

� − � ac + a
�
) ≥ �

(a − b)
�
+ (b − c)

�
+ (c − a)

� ≥ �
"%x R%-0yBv R�`.W[5KP z5,),E�z5Or]R�k p R%v z R%vw3 W.TJ3 ` 0	),E�zF),EF5KP c M b " a R%x�PF3 $& ��!gi4qp�zN�z �!vJp R%v z R%vw3 W!% x z

(a + b + c)
� ≤ � (ab + bc + ca)

a
�
+ b
�
+ c
�
+ � (ab + bc + ac) ≤ � (ab + bc + ca)

a
�
+ b
�
+ c
� ≤ � (ab + bc + ca)

),Ai_FW!% - �0/bH@z _FI:u� z5,>@V9/ �!n.v z5
a
�
+ b
�
+ c
� ≤ a(b + c) + b(a + c) + c(a + b)

0	) E�z0R d ? /*_ S1] m g  QR y x�P�T m #�M*P��̂_ g O  QN�z�T m # R 4 ] m g  QR 4�5KP�zR x N,) E�z%) EF5KPhi P  o3 SU� n v z58% x z
CFx 5�z Ph% x z R%vw3 �0v

a
� ≤ (b + c)a, b

� ≤ b(a + c), c
� ≤ c(b + a)

0	),E�zF>@ o3 SUHJ3 4&R%v " P�R%S&V|?N2 R%v z5OT'7 "%d0E�z�>@` zR% QN�z�Z�x R%4qH@z _FI:u� U�!S 3 O]W ~.N�z

� �� �  ( 2 
 � �  $'((^ ��
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00CF-04�Po5�zR�/�u�EF5#R%v�P 5%_F �R%d0�.-0v@z5 ),2�3 -0465�% x z CF- �0Sou� {|Ai_FS�u�xw3 4QTJ3 g0 HQP 5%MF~ 3 v@3 O �0x z 5KP 00"%EF5*u�giWE% 4*���!v
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q M p " Hi~ 5KP � S " A�3 v ak = p
q
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p − kq

q

5KP��̂_ g O  1% x z%u � h x " ) E�z q + p − kq R v z R v ak+  K5KP�M p + q R v z R v ak 5KP� R �  @M�3�5%_ S P%z " 2 zq^�_ g O  
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